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Basic information

@ Let F be a field. Examples of fields are the set R of real
numbers or the sets I, of remainders modulo prime number p.

e If S is a set, then the notation of cardinality of the set is |S]|.
Cardinality is a word used to describe the number of elements
in the set. So if |S| =3, S has 3 elements.
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Combinatorial Nullstellensatz

Theorem (Combinatorial Nullstellensatz)

Let f € F[x1,x2,x3,...,Xn] be a polynomial on n variables with
highest degree monomial ax;*x;? - - - xir # 0, in the sense that
degree t1 + to + - - - + t,, is the largest among nonzero monomials.
Let it also be S; C F, and |S;| > t;, VieN,1<i<n.

Then for every S; exist s; € S;, such as f(si,sp,...,5,) # 0.
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Problem 6 IMO 2007

Let n be a positive integer. Consider

S={(x,y,2) | x,y,z€{0,1,...,n}, (x,y,z) #(0,0,0)} as a set
of (n+ 1)3 — 1 points in three-dimensional space. Determine the
smallest possible number of planes, the union of which contains S

but does not include (0,0, 0).
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Answer

The answer is k = 3n, where k is the number of planes. The
following planes are an example:

e x=1i, i€{1,2,3,...,n}

e y=1i, i€{l,2,3,...,n}

e z=1i, ie€{1,2,3,...,n}
The union of those planes will include all points of S, but not
(0,0,0).
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Solution

Suppose, on the contrary, that there exist k < 3n planes for which
union includes all the points of S. Let the equations of those planes
be ajx + by +cz=d;, i=1,... k.
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Solution

Suppose, on the contrary, that there exist k < 3n planes for which
union includes all the points of S. Let the equations of those planes
be ajx + bjy + ciz=d;, i = 1,..., k. Define polynomials P and Q:

k
P(x,y,z) = H(a,-x + biy + ¢ciz — d;)
i=1
Qx.y,2)=[[x-N]Jov-N][E=z-1
i=1 i=1 i=1
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Solution

k
P(Xaya Z) = H(a,'X—I— biy + ciz — dl)
i=1
P(x,y,z) is polynomial of degree k, because P(x,y, z) is product
of k polynomials of degree 1. So, the coefficient of x"y"z" will be
0. By assumption, P is zero everywhere in S except for the point

(0,0,0).
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Solution

Qv 2) = [[(x=N]Jv -1 ]]z-1

i=1 i=1 i=1
For Q(x,y, z) the coefficient of x"y"z" will be 1. Clearly, x"y"z"

is the highest degree monomial. Q(x,y, z) will equal zero at every
point of S and will be nonzero at (0,0, 0).
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Solution

Consider the polynomial

P(0,0,0)

R(x,y,z) = P(x,y,2) — m

Qlx,y,2z)
The highest degree monomial of R is x"y"z" with coefficent
— P000)

Q(0,0,0) " !
P(0,0,0)

R(a, b,c) = P(a, b,c) — 0(0,0,0)

Q(a,b,c)=0

for any a,b,c € {0,1,...,n}. However, this is a contradiction by
the Combinatorial Nullstellensatz.
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Cauchy-Davenport Theorem
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Formulation

Theorem (Cauchy-Davenport)

If A and B are nonempty subsets of Z,, where p is prime, then

|A+ B| = min(p,|Al +|B| - 1)
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Cauchy-Davenport Theorem

[ Jele]e]

Formulation

Theorem (Cauchy-Davenport)

If A and B are nonempty subsets of Z,, where p is prime, then
A+ B| > min(p, |A| + |B| - 1)

Zp, where p is prime, is a finite field of all the remainders modulo p
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Cauchy-Davenport Theorem
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Formulation

Theorem (Cauchy-Davenport)

If A and B are nonempty subsets of Z,, where p is prime, then
A+ B| > min(p, |A| + |B| - 1)

Zp, where p is prime, is a finite field of all the remainders modulo p
A+B={z|Vac AVbe B.z=a+ b}
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Cauchy-Davenport Theorem

0e00

1. If |A] 4+ |B| > p then A and B intersect due to the Pigeon Hole
Principle. Similarly,Yq € Z, q — B also intersects with A.
Consequently A+ B = Z,
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Cauchy-Davenport Theorem
[e] le]e}

1. If |A] 4+ |B| > p then A and B intersect due to the Pigeon Hole
Principle. Similarly,Yq € Z, q — B also intersects with A.
Consequently A+ B = Z,

2. Assume that |A| + |B| < p. Then |A|+|B|—1 < p.

Suppose that the result of the theorem is false, then

|[A+ B| < |B|+|A| — 2.

Then add some elements to A + B, constructing a new set C C Z,
sit. |C|=|Al+|B|—2
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Cauchy-Davenport Theorem
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Consider the polynomial

fy)=[[(x+y-¢c) xycCz,
ceC
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Cauchy-Davenport Theorem

[e]e] o]

Consider the polynomial

fy)=[[(x+y-¢c) xycCz,
ceC

Then by definition of C Va€ A,b € B f(a,b) =0.
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Cauchy-Davenport Theorem
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Consider the polynomial

fy)=[[(x+y-¢c) xycCz,
ceC
Then by definition of C Va€ A,b € B f(a,b) =0.
deg(f) = |Al +[B| -2
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Cauchy-Davenport Theorem
[e]e] e}

Consider the polynomial

fy)=[[(x+y-¢c) xycCz,
ceC
Then by definition of C Va€ A,b € B f(a,b) = 0.
deg(f) = |A[ +[B| -2
Let us apply the Combinatorial Nullstellensatz to it.

Yehor Shudrenko, Maksym Shvydenko, Gabel Theodor Mentor: Kyrylo Muliarchyk

Combinatorial Nulstellensatz



Cauchy-Davenport Theorem
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Puttj =|Al—1, t=|B|—1
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Cauchy-Davenport Theorem
[e]ele] ]

Puttj =|Al—1, t=|B|—1
Note that
1) t1 + to = |A| + |B|] — 2 = deg(f)
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Cauchy-Davenport Theorem

[e]ele] ]

Puttj =|Al—1, t=|B|—1

Note that

1) t1 + to = |A| + |B| — 2 = deg(f)

2) The coefficient of x™y® is ('AlﬁA'E‘l—Z) I/p as|Al+|Bl—-2<p
by the claim.
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Cauchy-Davenport Theorem
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Puttj =|Al—1, t=|B|—1

Note that

1) t1 + b = |A|+\B[—2:deg(f)

2) The coefficient of x™y® is ('Al‘HB‘ 2) /p as|Al+|Bl—-2<p
by the claim.

Applying the Combinatorial Nullstellensatz to f(x, y) and the sets
A, B in the field Z, we get 33’ € A,b' € Bs.t. f(a,b)#0, a

contradiction.
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Chevalley theorem

Theorem (Chevalley theorem)

Let p be prime and polynomials Pi(x1,...,xn), Pa(x1,...,%n), --
Pm(Xl, .. ,X,,) € Zp[Xl,XQ, c. ,Xn] satisfy 2;11 deg(P,-) <n. If
the polynomials P; have a common zero (c1, ¢y, ..., cy), they have
another common zero.

* )
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Chevalley theorem

Theorem (Chevalley theorem)

Let p be prime and polynomials Py(x1,...,xn), Pa(X1, -y Xn), - -+,
Pm(Xl, R ,X,,) S Zp[Xl, Xo, ... ,Xn] satisfy 2;11 deg(P,-) <n. If
the polynomials P; have a common zero (c1, ¢y, ..., cy), they have
another common zero.

Suppose that (ci, ..., ) is the unique common root.
m n

Define f(x1,%2,...,xa) = [J(1 = PP ) =6 [ J] (v—o)
fi=1l Jj=1 c€Z,c#c;

where we choose ¢ such that f(ci,...,c,) = 0.
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Chevalley theorem

Observe that § # 0 -.- H(l — Pi(cty. .. )P ) = 1.

i=1

Yehor Shudrenko, Maksym Shvydenko, Gabel Theodor Mentor: Kyrylo Muliarchyk

Combinatorial Nulstellensatz



Chevalley theorem
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Chevalley theorem

Observe that § # 0. H(l — Pi(cty. ., )P ) =1

i=1
Furthermore, if (x1,...,x,) # (c1,...,Cn),
m
H(l - P,P_l) =0 (by Fermat's Little theorem)
i=1
and 6H H —¢c)=0

j=1c€eZ c#cj
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Chevalley theorem
(o] le}

Chevalley theorem

Observe that § # 0. H(l — Pi(cty. ., )P ) =1

i=1
Furthermore, if (x1,...,x,) # (c1,...,Cn),
m
H(l — PP71) = 0 (by Fermat's Little theorem)
i=1
and 6H H o5 — @) =0 = (0000 05 = UiDg € Z;

J=1 c€Z,c#c;
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deg(f) =deg 5H H —c) | =deg _5l£[Xip_1
i=1

j=1 CGZ,C;ACJ
=(p—1)n>(p—1)) _ deg(P
i=1

1_p-1 ~1. : .
as xt” x5 ... x§ " is a highest degree monomial.
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Chevalley theorem

deg(f) =deg 5H H —¢) | =deg (—5Hx,-p_1>
i=1

j=1c€eZ c;écj
=(p—1)n>(p—1)) _deg(P)),
i=1

1 p-1 —1 . . .
as xt” x5 ... x§ " is a highest degree monomial.

Therefore, by Combinatorial Nullstellensatz theorem

(3(x1,- -5 xn) € Zp)[f(x1,...,xn) # 0]
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Questions

Thanks for your attention

Do you have any questions?
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